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Abstract

An approximate non-local independent fermion kinetic-energy density functional is constructed from a model for the density
functional exchange hole. The functional is exact for one- and two-electron systems and gives a good approximation for a
homogeneous electron gas. Reasonable results are also obtained for model systems.q 1997 Elsevier Science B.V.
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1. Introduction

In the density functional formalism [1–3] the
ground state energyE[n] of a system of electrons
can be expressed as a functional of the ground state
electron densityn(r)

E[n] = Ts[n] + U [n] + Exc[n] +
�

v(r)n(r) d3r (1)

wherev(r) is the external potential,Ts[n] is the non-
interacting kinetic energy,U[n] is the classical
electron–electron repulsion energy, andExc[n] is the
exchange-correlation energy. The exact forms of the
kinetic-energy functional and the exchange-correlation
functional are not known. Although the kinetic energy
can be calculated in the Kohn–Sham formalism [1–3]
by using an auxiliary basis, an accurate approximation
to the kinetic-energy functional will enable one to
compute the properties of systems of electrons by
minimising Eq. (1) directly in terms of the charge
density. Many approximations to the kinetic-energy

functional have appeared in the literature. These
include the Thomas–Fermi local density approxima-
tion, semi-local approximations [4–8] (for a discus-
sion of the properties of a number of semi-local
approxiamtions, see Ref. [7]) and non-local approxi-
mations [4,9]. As of yet, none of these approximations
is of sufficient accuracy for calculations.

In this paper we examine a non-local approxima-
tion to the kinetic energy constructed from an approx-
imation to the density functional exchange hole. The
spherical average of the exchange hole,nav

x (r,r + s), is
approximated by an expression of the form

nav
x (r, r +s) = −

1
2
nav(r +s) exp{ −b(r)s2g[nav(r +s),

=sn
av(r +s)]} �2�

where the superscript av indicates the spherical aver-
age of an arbitrary functionf (r,r + s) centred atr

f av(r, r +s) =
1

4p

�
dfs dvs sin(vs) f (r, r +s) (3)

The kinetic energy can be expressed in terms of the
second derivative with respect tos of the spherical
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average of the exchange hole, and for this approxima-
tion, Eq. (2), the kinetic energy is then given (in
hartree atomic units) by

Ts[n] =
1
8

�
d3r l=n(r)l2=n(r) +

3
2

�
d3r b(r)n(r)5=3

(4)

where the first term in Eq. (4) is the Weizsa¨cker term
and the second term is the Pauli term (see, for example,
the discussion in Ref. [8]). It is therefore only the
Pauli term that is approximated. The functionb(r ) is
determined from the sum rule

4p

�
ds s2nav(r, r +s) = −1 (5)

which is an exact property of the exchange hole [2,3]
and can be deduced from the definition of the
exchange hole, Eq. (6). The value ofb(r) is dependent
upon an integration overnav(r,r + s) and hence this
approximation is non-local despite the apparent local
form of Eq. (4).

2. Kinetic energy and the exchange hole

The density functional exchange hole is defined, in
analogy to the Hartree–Fock exchange hole [2,3], as
(for convenience, given here for a spin-compensated
system)

nx(r, r +s) = −
1
2
ln1(r +s)l2=n(r) (6)

n1(r, r +s) = ∑
occ

i
Wi(r)Wp

i (r +s) (7)

n(r) =
1
2

∑
occ

i
lWi(r)l

2 (8)

whereW i are the eigenfunctions of the Kohn–Sham
equations [1–3]. The spherical average ofnx(r,r + s)
expanded as a series ins retains only even order
terms

nav
x (r, r +s) = −n(r)=2+s2[ ∑

occ

i
l=Wi(r)l

2 −
1
12

=2n(r)

−
1
24

l=n(r)l2=n(r)] + O(s4) �9�

Taking the second derivative ofnav
x (r,r + s) with

respect tos, evaluated ats=0, it follows after some
algebra that the kinetic energy can be expressed as

Ts[n] = Tw[n] + Tp[n] (10)

Tw[n] =
1
8

�
d3r l=n(r)l2=n(r)

Tp[n] =
1
2

�
d3r =2

snav
x (r, r +s)

Here Tw[n] is the Weizsa¨cker energy andTp[n] the
Pauli energy. The Pauli energy is frequently less
than half the Weizsa¨cker energy and an approxima-
tion to Tp[n] only may be more efficient than an
approximation to the total kinetic energy [8]. Note
thatTw[n] appears in a natural way in this expression.
Through Eq. (10) the Pauli energy is expressed in
terms of the spherical average of the exchange hole,
and hence a good approximation to the exchange hole
should give a good approximation to the Pauli energy.
It is, however, important to note that the Pauli energy
depends only on the curvature of the exchange hole at
the centre of the hole,s=0. An accurate representa-
tion of the curvature is therefore essential for a good
approximation of the Pauli energy.

Writing the kinetic energy in the form of Eq. (10)
has a number of advantages. The Weizsa¨cker term, for
example, gives the correct singularity in the first func-
tional derivative of the kinetic energy at the centre of a
coulomb potential, which many other approximations
fail to give [9].

3. Relevant properties of the exchange hole

Any approximation to the exchange hole must
satisfy as many of the properties of the exact hole as
can be accommodated. The approximation discussed
in this paper satisfies the following conditions.

1. From eqns (6) and (7) it follows that the exchange
hole satisfies the sum rule [2]

�
d3s nx(r, r +s) = −1 (11)

4p

�
ds s2nav

x (r, r +s) = −1
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2. Whens tends to infinity the exchange hole becomes
proportional ton(r + s) [9]

nx(r, r +s)s→` → [nN −1(r)=n(r) −1]n(r +s) (12)

wherenN−1 − 1(r) is the density of anN − 1 electron
system or a linear combination of the ground-state
charge densities if theN − 1 electron system is degen-
erate. For the spherical average of the exchange hole,
n(r +s) is simply replaced bynav(r + s). The property
implied by Eq. (12) is illustrated in Fig. 1 for an Mg
atomic configuration. The charge densities in this
paper were constructed from hydrogenic wave func-
tions for non-interactingN-electron systems. The
strength of the central potential and the charge con-
figuration follows from the atomic symbol. Since
nx(r + s) is non-positive, Eq. (12) implies that the
charge density of theN − 1 electron system is always
less than or equal to the charge density of theN elec-
tron system at the same point in space when the two
systems have the same external potential. This also
follows from Eq. (8).
3. A series expansion ofnav

x (r + s) in s only contains
even order terms.

4. The equationnx(r +0) = −1=2n(r) holds (from the
definition ofnx).

4. An approximate exchange hole

Since the Fermi energy can be expressed in terms of
the spherical average of the exchange hole, it is only
necessary to model this average. We propose an
approximation of the form

nav
x (r, r +s) =nav(r +s)f ([nav]; r,s) (13)

The functionf must then satisfy the following con-
ditions.

1. f ([nav]; r, 0) =1 [2].
2. f([nav];r,s) → constant ass→ `.
3. A series expansion off in terms ofsmay only have

terms even ins.
4. Since the sum rule must be satisfied for the density

n(r) it must also be satisfied for the uniformly
scaled densitynl =l3n(lr). This implies that
f ([nl]; r, s) = f ([n]; lr,ls) [9].

As a first attempt we take

f (r,s) =exp[ − b(r)s2g(nav, =sn
av)] (14)

g(nav, =sn
av) =nav(r +s)2=3 1+c1a(r)=�

{1 +c2 sinh−2[a(r)]} �

Fig. 1.nav
x (r +s)/nx(r +s)/ for hydrogenic Mg centred atlrl=0:32 a:u:
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a(r) = l=sn
av(r)l=nav(r)4=3

The constantsc1 and c2 are determined by fitting
the Pauli energy for a number of model systems. This
form for the functionf(r,s) (Eq. (14)) becomes con-
stant for larges for densities that decay exponentially,
as is the case for any finite system [10]. This is
illustrated in Fig. 2.

For this approximation to the exchange hole, the
kinetic energy is given by Eq. (4). The functionb(r)
is determined by demanding that the model exchange
hole satisfies the sum rule, Eq. (11). For a two- elec-
tron system the spherically averaged exchange hole
reduces to Eq. (13) withf (r, s) =1. That implies that
b(r) =0 for all r and from Eq. (4) the Pauli energy is
zero. Since the total kinetic energy for a two-electron
system is contained in the Weizsa¨cker term, the
kinetic energy is given exactly in this case. For a
one-electron system, there exists no exchange hole.
However, a sum rule is still satisfied forb(r) =0 and
the total energy is once again given exactly by the
Weizsäcker term. For a homogeneous electron gas,
the gradient of the charge density is zero. Only the
term depending onnav remains in the functiong. The

Weizsäcker term is zero and the Pauli term reduces to
an integral overn5/3. The prefactor, however, is too
large and overestimates the correct energy by 3%.

In Fig. 2 the exact and approximateg(nav) only
matches well near the origin,s=0. Since the Pauli
energy is determined by the curvature ofnx

av(r + s) at
the centre of the hole, the total kinetic energy is never-
theless quite accurate in this instance (see Table 1).

Fig. 2.g[nav]: approximate and exact for hydrogenic Mg for hole centred atlrl=0:16 a:u:

Table 1
Percentage error for the kinetic energy for hydrogenic models of
atomsa

Atom %Error

Be 10.78
Ne −1.5
Mg 0.64
Ar −0.49
Ca 0.14
Zn −3.27
Kr −1.32
Sr −0.32
Pd 0.50
Cd 1.29

a Eq. (14):c1 =77:5 andc2 =100:0.
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5. Results

The results in Table 1 show a scattering in the
accuracy of the approximation, Be being the worst
example at a percentage error of 10.7%. This is rather
disappointing since Be is a light atom with only four
electrons and the approximation is exact for one- and
two-electron systems.

Exact kinetic energies and charge densities were gen-
erated for independent-electron hydrogenic models of
atoms for which wave functions are known analytically.
Although these are not accurate models of the physical
systems, the kinetic energy is a functional of the charge
density [2,3] and the exact functional is valid for these
systems. Any approximation must therefore also work
well for the systems. The parameters (c1 =77:5,
c2 =100:0) were obtained through a fit to the exact
kinetic energy of closed-shell atoms ranging from He
to Ra. Apart from Be, the results are of the same order
of accuracy as given by the semi-local approximations
discussed in Ref. [7]. The approximation discussed in
this paper is still not sufficiently accurate for perform-
ing independent calculations.

6. Summary and conclusions

An approximate free fermion kinetic non-local
energy functional has been constructed from an

approximation to the density functional exchange
hole. Reasonable results are obtained for model
calculations, but the accuracy of the approximation
is not good enough for use in independent calcula-
tions.

The approximation to the exchange hole in the form
nav

x (r +s) = −1=2nav(r +s)f ([nav]; r,s) suggests that
other forms of the functionf([nav];r,s), with the prop-
erties listed below Eq. (13), could be explored.

Since the exchange energy can be expressed in
terms of the spherical average of the exchange hole
[2,3], the approximations Eq. (13) and Eq. (14) can be
used to approximate the exchange energy and
potential. This will be part of a future study.
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