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Approximate kinetic-energy functionals

Daniel Joubert*, Mdse Tchoula Tchokonte

Department of Physics, University of the Witwatersrand, PO Wits, 2050 Johannesburg, South Africa
Received 1 November 1996; accepted 3 April 1997

Abstract

An approximate non-local independent fermion kinetic-energy density functional is constructed from a model for the density
functional exchange hole. The functional is exact for one- and two-electron systems and gives a good approximation for a
homogeneous electron gas. Reasonable results are also obtained for model yst@8¥%sElsevier Science B.V.
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1. Introduction functional have appeared in the literature. These
include the Thomas—Fermi local density approxima-

In the density functional formalism [1-3] the tion, semi-local approximations [4-8] (for a discus-
ground state energf¥[n] of a system of electrons sion of the properties of a number of semi-local
can be expressed as a functional of the ground stateapproxiamtions, see Ref. [7]) and non-local approxi-

electron density(r) mations [4,9]. As of yet, none of these approximations
is of sufficient accuracy for calculations.

E[n] =T[n] + U[n] + Exc[n] + Jv(r)n(r) d’r 1) In this paper we examine a non-local approxima-
tion to the kinetic energy constructed from an approx-

wherev(r) is the external potentiall{n] is the non-  imation to the density functional exchange hole. The

interacting kinetic energyU[n] is the classical  spherical average of the exchange haf(r,r +9), is

electron—electron repulsion energy, aag[n] is the approximated by an expression of the form

exchange-correlation energy. The exact forms of the 1
kinetic-energy functional and the exchange-correlation n2¥(r,r +s)= — =n®(r +s) exp{ - 8(r)Sg[n®/(r +5),
functional are not known. Although the kinetic energy 2

can be calculated in the Kohn—Sham formalism [1-3] Vsn®™(r +9)]} (2)
by using an auxiliary basis, an accurate approximation
to the kinetic-energy functional will enable one to
compute the properties of systems of electrons by
minimising Eq. (1) directly in terms of the charge
density. Many approximations to the kinetic-energy

where the superscript av indicates the spherical aver-
age of an arbitrary functiof(r,r + s) centred ar

fr,r+9) = % [dqbs do, sin(d) T (r, r +9) 3)

The kinetic energy can be expressed in terms of the
* Corresponding author. E-mail: joubert@physnet.phys.wits.ac.za second derivative with respect ®of the spherical

0166-1280/97/$17.0@ 1997 Elsevier Science B.V. All rights reserved.
PIl S0166-1280(97)00253-4



240 D. Joubert, M. Tchoula Tchokonte/Journal of Molecular Structure (Theochem) 419 (1997) 239-243

average of the exchange hole, and for this approxima- respect tcs, evaluated as=0, it follows after some
tion, Eq. (2), the kinetic energy is then given (in algebra that the kinetic energy can be expressed as

hartree atomic units) by T[] = T[]+ Tor] (10)
S| —lw p

TN = %Jdi“r IVn(r)I?/n(r) + nggr B(r)n(r)>3 L
@ T, [n]= §Jd3r IVn(r)?/n(r)

where the first term in Eq. (4) is the Weizsar term 1( 5

and the second term is the Pauli term (see, for example, T[Nl = > [d rVen'(r,r +s)

the discussion in Ref. [8]). It is therefore only the )

Pauli term that is approximated. The functigfr) is Here T,[n] is the Weizsaker energy and’y[n] the

determined from the sum rule Pauli energy. The Pauli energy is frequently less
than half the Weiz&ker energy and an approxima-

47TJ0|S n(r,r+s)= -1 () tion to T,[n] only may be more efficient than an

o approximation to the total kinetic energy [8]. Note
which is an exact property of the exchange hole [2,3] thatT, [n] appears in a natural way in this expression.
and can be deduced from the dgfinition of the Through Eq. (10) the Pauli energy is expressed in
exchange hole, Eq. (6). The valuestf) is dependent  terms of the spherical average of the exchange hole,
upon an integration oven™(r,r + s) and hence this  and hence a good approximation to the exchange hole
approximation is non-local despite the apparent local ghoyld give a good approximation to the Pauli energy.
form of Eq. (4). It is, however, important to note that the Pauli energy

depends only on the curvature of the exchange hole at
o the centre of the holes=0. An accurate representa-
2. Kinetic energy and the exchange hole tion of the curvature is therefore essential for a good
approximation of the Pauli energy.

The density functional exchange hole is defined, in Writing the kinetic energy in the form of Eq. (10)
analogy to the Hartree—Fock exchange hole [2,3], as has a number of advantages. The Wétksaterm, for
(for convenience, given here for a spin-compensated example, gives the correct singularity in the first func-
system) tional derivative of the kinetic energy at the centre of a

1 2 coulomb potential, which many other approximations

n(r,r+9)= = Siny(r +9)%/n(r) ®)  fail to give [9].
occ
ny(r,r+9)= 3 ¥i(r)¥;(r +s) (7)
! 3. Relevant properties of the exchange hole
1OCC
n(r) = > A n)I? (8) Any approximation to the exchange hole must
I

satisfy as many of the properties of the exact hole as
where ¥; are the eigenfunctions of the Kohn—Sham can be accommodated. The approximation discussed

equations [1-3]. The spherical averagengfr,r + s) in this paper satisfies the following conditions.
expanded as a series Bretains only even order ,
terms 1. From eqns (6) and (7) it follows that the exchange

hole satisfies the sum rule [2]
av __ Crowmiz_ Loz
nY(r,r+9)= —n(r)/2+< .Z V¥, ()l 12V n(r) Jd3s 9= 1 an
- V0 /()] + O(s" (9)

_ o . 47rst§n§"(r,r+s): -1
Taking the second derivative af2'(r,r + s) with
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Fig. 1.n2"(r +s)/ny(r +9s)/ for hydrogenic Mg centred dt|=0.32 au.

2. Whenstends to infinity the exchange hole becomes 4. An approximate exchange hole

proportional ton(r + s) [9]

N-1 Since the Fermi energy can be expressed in terms of
(1, M+ 8o — [ (1)/N(r) = 1IN(r +9) (12) the spherical average of the exchange hole, it is only
wheren™™ - 1(r) is the density of aiN - 1 electron necessary to model this average. We propose an
system or a linear combination of the ground-state approximation of the form
charge densities if thd — 1 electron system is degen- _av — v avy.
erate. For the spherical average of the exchange hoIe,nX (rr+g=nir+sf(n7Iir.s) (13)
n(r +9) is simply replaced by®(r + s). The property The functionf must then satisfy the following con-
implied by Eq. (12) is illustrated in Fig. 1 for an Mg  ditions.
atomic configuration. The charge densities in this 1. f([n™];r,0)=1 [2].
paper were constructed from hydrogenic wave func- e
tions for non-interactingN-electron systems. The
strength of the central potential and the charge con-
figuration follows from the atomic symbol. Since

n(r + s) is non-positive, Eq. (12) implies that the n(r) it must also be satisfied for the uniformly
charge density of thdl — 1 electron system is always scaled densityn, :)\3n()\r). This implies that
less than or equal to the charge density ofkhelec- F(ny]: 1,9 =F ([n]; Ar, ) [9].

tron system at the same point in space when the two _
systems have the same external potential. This also As a first attempt we take

2. f([n*];r,s) — constant as— .

3. A series expansion éfn terms ofsmay only have
terms even irs.

4. Since the sum rule must be satisfied for the density

follows from Eg. (8). f(r.9) =exd - 8(NLan®. V.n? 14
3. A series expansion @'(r + s) in sonly contains (r. 9 =expl = (s g(n™, V™)) (14)
even order terms. g(n®, Ven) =n?Y(r +9)%3(1+co(r)/

4. The equatiom,(r +0)= —-1/2n(r) holds (from the o
definition ofn)s. {1 +cz sinh™?[a(1)]})
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Fig. 2.g[n®]: approximate and exact for hydrogenic Mg for hole centrettlat0.16 au.

_ av av/.\4/3 Weizsaker term is zero and the Pauli term reduces to
a(r) =1vsn®(n)l/n®(r) . o3 :
an integral ovem”. The prefactor, however, is too
The constantg; andc, are determined by fitting  large and overestimates the correct energy by 3%.
the Pauli energy for a number of model systems. This  In Fig. 2 the exact and approximatgn®) only
form for the functionf(r,s) (Eqg. (14)) becomes con- matches well near the origirs=0. Since the Pauli
stant for larges for densities that decay exponentially, energy is determined by the curvaturendf(r + s) at
as is the case for any finite system [10]. This is the centre of the hole, the total kinetic energy is never-
illustrated in Fig. 2. theless quite accurate in this instance (see Table 1).
For this approximation to the exchange hole, the
kinetic energy is given by Eq. (4). The functigir)
is determined by demanding that the model exchange T20'e 1 o _
hole satisfies the sum rule, Eq. (11). For a two- elec- Z;r;eg\ntage error for the kinetic energy for hydrogenic models of
tron system the spherically averaged exchange hole

reduces to Eq. (13) with(r,s)=1. That implies that ~ Atom YoError
B(r)=0 for all r and from Eq. (4) the Pauli energy is Be 10.78
zero. Since the total kinetic energy for a two-electron Ne -1.5

system is contained in the Weizs®r term, the Mg 0.64
kinetic energy is given exactly in this case. For a Al '%ﬁ
one-electron system, there exists no exchange hole.,, 327
However, a sum rule is still satisfied fé{r)=0 and Kr -1.32
the total energy is once again given exactly by the sr -0.32
Weizszker term. For a homogeneous electron gas, Pd g-gg

the gradient of the charge density is zero. Only the Cd
term depending on® remains in the functiog. The 2Eq. (14):c, =775 andc, =1000.
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5. Results approximation to the density functional exchange
hole. Reasonable results are obtained for model

The results in Table 1 show a scattering in the calculations, but the accuracy of the approximation

accuracy of the approximation, Be being the worst is not good enough for use in independent calcula-

example at a percentage error of 10.7%. This is rather tions.

disappointing since Be is a light atom with only four The approximation to the exchange hole in the form

electrons and the approximation is exact for one- and n'(r +s) = -1/2n®"(r +9)f ((n®"];r,s) suggests that

two-electron systems. other forms of the functiof([n®/;r,s), with the prop-
Exact kinetic energies and charge densities were gen-erties listed below Eq. (13), could be explored.

erated for independent-electron hydrogenic models of  Since the exchange energy can be expressed in

atoms for which wave functions are known analytically. terms of the spherical average of the exchange hole

Although these are not accurate models of the physical [2,3], the approximations Eqg. (13) and Eq. (14) can be

systems, the kinetic energy is a functional of the charge used to approximate the exchange energy and

density [2,3] and the exact functional is valid for these potential. This will be part of a future study.

systems. Any approximation must therefore also work

well for the systems. The parameters; £77.5,

C,=1000) were obtained through a fit to the exact References
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