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Abstract

Rotation matrices (or WigndD functions) are the matrix representations of the rotation operators in the basis of spherical
harmonics. They are the key entities in the generation of symmetry-adapted functions by means of projection operators.
Although their expression in terms of ordinary (complex) spherical harmonics and Euler rotation angles is well known, an
alternative representation using real spherical harmonics is desirable. The aim of this contribution is to obtain a general
algorithm to compute the representation matrix of any point-group symmetry operation in the basis of the real spherical
harmonics, paying attention to the use of recurrence relationships that allow the treatment of functions with high angular

momenta.© 1997 Elsevier Science B.V.
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1. Introduction

The choice of real spherical harmonics (RSH) as
basis functions in electronic-structure calculations has
a number of advantages over other alternatives.
Ordinary complex spherical harmonics are easier to
manipulate theoretically, owing to a number of useful
relationships that lose their simplicity when stated in
terms of the RSH. However, they are complex func-
tions requiring twice the computer memory needed by
RSH, as well as a complete rewriting of quantum-
mechanical programs to diagonalize Hermitian
matrices instead of real ones.

A second alternative are they'z“ Cartesian func-

self-consistent field (SCF) programs. Once again, the
expressions of integrals in terms of these functions are
simpler than those in terms of the RSH, owing to their
Cartesian tensorial character. However, these func-
tions have two main problems: their use becomes
more involved for high angular momenta, and they
include undesired atomic symmetry-adapted func-
tions when the indek=i +j + k> 2. Another problem
associated to the use of these functions is their use
along with Slater-type radial functions, since the
best compilation of optimized exponents for Slater-
type orbitals (STO), that of Clementi and Roetti [1],
uses spherical harmonics which can be considered to
be either real or complex, because of the spherical

tions. These are real functions and are used in mostsymmetry of the free atoms.

* Corresponding author.

In addition to the advantages mentioned above, the
real spherical harmonics are the symmetry-adapted
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functions for atoms under most point groups. In rela- the angular spherical coordinatés,, is the normal-
tion to this subject, McWeeny [2] points out: ization factor
“Although the complex functions provide the stan-
dard representations of the full groups;, the real N = 2+1(1-m)! @
spherical harmonics are often just the correct combi- =™ A (1+m)!
nations to carry irreducible representations of its sub- . .
groups — the point groups”. Appendix 1 of the same andP"(x) are the Legendre associated polynomials,
reference also gives an exhaustive list of the symmetry- which can be defined through the Rodrigues formula,
adapted functions of the crystal point groups. The 1 gh+m
RSH are, therefore, the most adequate basis functionsP"(x) = o m/2 N
for calculations in which atomic symmetry is impor- 21! d
tant, when high angular momenta are needed, or whenFrom this definition one can derive [6]
using high-quality Slater-type radial basis functions. _ . o/ am
In order to use the RSH the following three basic Yim(0,9)=(=1)"Yim(0, ¢) )
items are necessary: a d(.efinit.ion suitable for recurrent \yherem means-m. Introducing the notation = (6,)
evaluation of functions with high angular momenta, a for the angular coordinates, one can also derive the
set of rules for evaluation of the coupling coefficients parity property
between them (Gaunt coefficients), and a means of |
computing their rotation matrices in order to obtain Yim(=f)=Yim(if) = (=1)'Yim(f) ®)
symmetry functions. The first item is presented in . - .
. ) - . wheref is the spatial inversion operator.
Section 2, dedicated to the definition and basic proper- L e
. . The complex dependence @ €, is character-
ties of the RSH. The second item has been recently . . : .
. . . istic of the spherical symmetry of atoms, being the
treated by Homeier and Steinborn [3]. The third item, . . ¢ . o
- . - . eigenfunction of,. However, functions with different
obtaining in an efficient way the representation m are degenerate for effective Hamiltonians with
matrices of the symmetry operations in the basis of - deg . I
. . S . I spherical symmetry, so any linear combination of
the RSH, is the main objective of this contribution, : 0 ) . .
) X : . these functions will still be an eigenfunction of this
and will be addressed to in Section 3. Recently, Ivanic

. kind of Hamiltonian. In particular, one can choose real
and Ruedenberg [4] developed a completely different functions by combining complex conjugate functions
method with the same goal. These authors deal Y 9 P 1ug '

directly with the rotation matrices, while in the corresponding to opposite valuesnafin this way, the

present work we deal with their representation in real spherical harmonics are defined as [7]
terms of the Euler angles.

(1-x) (- 1) 3)

Sm(0, ¢) =
_ . : (=™ »
2. Definition and basic properties 7 (Yim *+ Yim) = O1m(0)v/2 cosme, m>0
Real spherical harmonics are defined in terms of Yi0=0,0(0), m=0
their complex analogs. These are the eigenfurjctions
of the orbital angular momentum operatdfsandi,, (- RV .
and can be labeled by two quantum numbkasdm, iv/2 (Yiim = Yiim) = Oyri (¢ V2 sin Imig, - m <0

related to the corresponding eigenvalues. The com- (6)
plex spherical harmoni¥|,, can be written as [5—7]
_ m im The (1)™ factor has been introduced following
Yim(0, 8) = (= 1)"O(6) €™ Chisholm [7], in order to obtain signless expressions
=(-1)"N,,P"(cosb) dmé (1) for the real spherical harmonics (see Table 1). These
functions can also be written as
wherel takes non-negative integer values, the possible
values formare the integers from- | to |, # and¢ are Sm(0, ¢) =01 (0)Prm(0) (7)
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Table 1
Real spherical harmonics with= 2. The factors,/(2l +1)/4x have been omitted for simplicity
| S p d
m= -2 ? sin? 6 sin 2p = v/3xy/r?
-1 siné sing = yir ?sinmsinqﬁ = \/3yzr?

0 1 cost = ZIr %(3 cogf-1)= %(32%2 -1)

1 sind cos¢ = X/r ? sin 2 cos¢ = v/3xar?

2 ?sinzecos 2= %é(xz—yz)/rz
by defining the azimuthal function as cosmg =cos¢ codm-1)¢ —sin¢ sin(m-1)¢  (14)

V2 cosmg, m>0 _ _ . .
With these recurrence relationships, one can obtain

Ppn(e) = 1, m=0 (8 the ¢ and @ functions separately, so that no one

V2 sin Imlg m< 0. expression is computed more than once, because
’ only Legendre polynomials witm = 0 are needed,
The real spherical harmonics fo= 2 are presented in - and ¢ functions for a giverm are common for all
Table 1. . _ values. The normalization factoh, (m = 0) can be
To obtain the real spherical harmonics one can use computed only once, at the very beginning of a calcu-

closed formulas for Legendre polynomials (see for |ation, and then used any time a spherical harmonic is
example [5]), and then evaluate directly eng and evaluated.

sinm¢. However, this can lead to numerical instabil- Given their definition, Eq. (6), the RSH have the
ities, in addition to being inefficient when, as is following properties. First of all, since they always
usually the case, all the RSH up to a giverare  jnyolve complex spherical functions with the saine
needed. In this case, it is more efficient to use stable value, they share the same symmetry under inversion,
recurrence relationships, such as [8] |
-f)= if)=(-1 f 15
PY(cost) =1 © Sim(=F) =Sm(if) = (= 1) Sm(F) (15)
Secondly, it is easy to prove their orthonormality from
Pl (cosf)=(2 -1) sing P Z1(cosb) (20) that of their complex counterparts,
P!, 1(cosd) = (2l +1) cosh Pl(cosh) (11) (Sm!Sm) =81 Smnt (16)
PM(cosf) Thirdly, they are real functions,
_ (21 -1) cosf P (cosb) — (I + m—1)P™ ,(cos0) Sm(f) =Sm(f) 17)
(I=m) (12) Eqg. (6) can be written in matrix form as
2 1o
For the¢ functions, one can start with the sinand S=CY, (18)
cos¢ values, and then use the known trigonometric . .
formulas: where we define column vectors containing real and

complex spherical harmonics, ordered by raising
sinmg =sin¢ coym-1)¢ +cos¢ sinlm—-1)¢  (13) values, and the transformation matrix between them
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for a givenl is

i 0 - 0o .- 0 —i(—1)!
0 3 0 N ) 0
l_i N H : N M
C 7 00 V2 0 0
01 0 (1)1 0
1 0 0 (-1

(19)

This matrix can be represented by a set of simple
rules:

Cli = 0if Iml # Im|.
Cho=1.
Clan(—l)m/\/z
Chm=1/v2.

Com= =i(-1)"/V2
Com=1/V2.

In the last four rulesm > 0 is assumed. It can also be
proved thatC' is a unitary matrix, that is,

() =) =[]

In this way, the matrix definition can be reversed to
obtain

ok E

(20)

-1

- 1=
§=(c")'s
By using the previous relationship and the com-
pleteness of the complex functions, it is possible to

Y, =(C" (21)
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this case, ifc,, =Ym(f’), then

b = 3 Vi) (Chu) = [H;C'm/mwm(r')]

=S () (23

which, being the RSH real functions, equ8s (f'),
and so the interesting property follows:

5 Yin(®)¥in()= 3 Sin(P)Sin(*) (24)
which is very useful in the Laplace expansion of the
Coulomb repulsion operatei.

3. Symmetry transformations

The use of symmetry is fundamental for simplify-
ing the quantum-mechanical determination of the
electronic structure. Be it spatial or point symmetry,
its use can greatly reduce the number of non-
equivalent integrals to compute, and also the size of
matrices in the program, by employing symmetry-
adapted functions. In order to obtain these symmetry
functions, it is necessary to know the transformation
properties of the atomic basis functions under sym-
metry operations. In this work, we will restrict our-
selves to point-symmetry groups, because they are the
only ones needed for finite molecules.

First of all, let us see how point-symmetry opera-
tions are represented. LBtbe a symmetry operation
of the G point group, andr a point in the three-
dimensional space. If we apply the symmetry opera-

demonstrate that the RSH constitute a complete basistion to this point, we obtain a new poit which

set. Effectively, if a given function can be written as a
linear combination of complex spherical harmonics of
a givenl, this can also be made in terms of the real
ones, by making an appropriate transformation on the
coefficients of the linear combination:

) _1Sm’

= %(%Clm(c:nm) _1>

where by = Y m c|m(C:nm)"1. A special case of the
previous expression occurs when thg coefficients
are in turn complex spherical functions of a different
coordinate system than that of the initial expansion. In

S CmYim= Y Cim 3 (Ciony
m m m

m’ —

n; bIm’Sm’ (22)

relates to the original one through

RF=F =RF (25)
whereR is the matrix associated to the operation, i.e.,
the representation matrix of the operation in the
basis of the Cartesian coordinates. The operations
are classified as proper or improper depending upon
the determinant of their associated matrices:and

-1, respectively. Any improper operation can be seen
as the product of a proper operation and the inversion:
§=81=Si=(Q)i=Rr (26)
whereSis an improper operation arid = S is the
corresponding proper operation. Remembering that
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the representation of a product of operations is the specified by their matrix representations in the basis

product of the representations of each operat®n, of the Cartesian coordinates, so we shall focus on
Ri, and thei matrix is just the negative of the unit obtaining the representation matrices of the RSH,
matrix, one can see th& = -S. taking those of the Cartesian coordinates as a starting

Up to this point, all representations are taken in the point. This will be specially useful in crystalline
Cartesian basis. If we want to obtain the representa- applications, where parallel coordinate systems are
tion matrices in the basis of the real spherical harmo- best suited for integral calculation, symmetry
nics, we must know what happens to these functions operations do not necessarily coincide with Cartesian
upon the symmetry transformation. It can be shown axis, and the coordinate rotation matrices can be

that, for point symmetry operations, easily obtained from those of the space group. In
R . L order to relate both representations, it must be noted
RSw(f)=Sw(R )= %Amm(R)Sm(r) (27) that Sy, functions transform in the same way as the

Cartesian coordinates under point-group operations,
that is, the spherical harmonics of a givieare trans- and so

formed into a linear combination of functions of the

samel. It must be noted that, in this definition, the Ry Rz Ry
matrix A'(R) multiplies the spherical harmonics as A'(R)=| Ry R, Ry (31)
row vectors, whereas the rotation matrices for Carte- R R. R
sian coordinates were defined multiplying column A
vectors [Eq. (25)]. This is the usual convention in where
both cases, and it should be remembered when relat- R R R
XX Xy XZ

ing them, as well as when obtaining the representation
matrices of projection operatord'(R) is the repre- R=| Rx Ry Ry (32)
sentation matrix of the symmetry operatiénin the R. R. R
basis of the RSH of orddr and it can be expressed mom e
symbolically as is the matrix representation of tHe operator in the

| Ay A Cartesian basis. This relationship gives us the matrix
Amn (R) = <Sm|R|Sm'> (28) representation of the operation in the basip @finc-
An important special case of representation matrix is tions. Since thespherical harmonic is a constant, it is
that of the inversion. Remembering Eg. (15), we can invariant under any symmetry operation, and so

write it as A
Af(R)=1 (33)

| — |
A () = (= 1) S (29) for any R. These two matrices, farandp functions,
that is, €1)' times the unit matrix. In this way, the Wwill serve as the starting point of the recurrence
matrix representation of an improper operation can be relationships that will allow us to obtain the rotation
obtained as a function of the matrix of its correspond- matrices for the RSH of any order.
ing proper operation as: The traditional method for obtaining the represen-

R R tation matrices is to represent the functions, then

Almf”(s) =( _1)|AI”"”(R) (30) apply the operation, and finally try to get the elements
Taking into account that proper symmetry operations of the matrix by inspection. It is clear that this is not a
are equivalent to rotations in three-dimensional space, computationally viable method, and so we must try to
the problem of obtaining the representations of point- develop better ones. A similar method would be to
group symmetry operations is reduced to obtaining obtain the RSH as a polynomial in Cartesian coordi-
the representation of any rotation operation. The nates, and substitute the rotation matrix for them.
representation matrices of rotation operations are However, this is still an inefficient method. Another
generically called rotation matrices of the selected possible method would be to obtain the rotation
basis set. matrices of complex spherical harmonics, and then

Usually, point-group symmetry operations are use the transformation matrices between real and
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Fig. 1. Description of an arbitrary rotation in terms of Euler angles.

complex functions: dr (8)= (=)™ ™ (1 + )L = m) (1 + ) (| - )] M2
Almm(ﬁ):<Sm“§|5m'> B 2l =2k-m+m’ B8 2k+m-m’
t) G R Ccos = sin =
5 (Chun) " Che (Yo IR Y k( 2) < 2>
L )DL (R)(CL ) KI(I =m=K)!(I +m’ = k)!(m-m’ +K)!
m%w<cm"*) Dt (R) (Crrrr) (34) (37)

where D,+(R) is the rotation matrix of complex Wherek runs through all integer values for which the
spherical harmonics, also known as Wigner factorials involved exist. However, as happened with

function [5]. Writing the above expression in matrix the spherical harmonics, it is more interesting to

x 3(-1)
k

form, obtain this matrix by means of recurrence relation-
i . . . ships. To accomplish this task, the following relation-
A'(R)=(c")'D'(R)(C') = D'R)=(C')A'(R)(C')’ ships may be of use (th& dependence is omitted for

(35) the sake of simplicity):

| | __m+m’I,:_m+m’I,
we make clear the transformation between rotation A = v = (= 1) Ao = (1) A (38)

matrices. This is a better method than the preceding

2
ones, but it still has a big drawback: it involves com- cosﬁdﬁn \/“2 eI - (m) ] mm d
plex matrices in the intermediate steps of the calculation I(21+1) ( n
of A' matrices, which are real by definition. . — 5
The WignerD functions are well known in the \/[(| +1)? - nP][(1 +1)* - (') ]d|+1 (39)
quantum theory of angular momentum [5], and their (I+1)(2 +1)

properties can be easily found in the literature. One of
their most important properties is their expression in ™ ~MC0SBy  _ 5 L Fmi=mend. .

terms of Euler angles (see Fig. 1 for their definition): sinf3
since any given rotation can be expressed in terms of
these angles, the rotation matrix can be made depen- + —\/(I m)(I +m+1) dm+1 w (40

dent on them through .
In addition, the following expressions for special

Dl (o, B, 7) =€ ™ dl o (8) €™ (36)  values of the indices will be needed:
The fact thad' matrices are real makes viable a new | 2! g\ g™
ini i i d ——= [ cos— -sin =
scheme for obtaining the rotation matricas The im = (+m)(l- m)!( 2) ( 2)
d'(8) matrix can be put in closed form as [5]: (41)
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@2 -1)!
(+m)! (I —m)!

) B I-1-m
X <—Sln 2)

The elements of,, for all values of the indices can

d-1 m=( cosB-m)

I-1+m
<COS§>

(42)

then be computed by using the above expressions

recursively, as we shall see below.

The scheme for obtaining the matricasin terms
of d' and the Euler angles will be obtained. Then we
shall see how to obtain the trigonometric functions of
Euler angles in terms of tha® matrix elements. In
this way, we can computa® andd* matrices, which
combined with a set of recurrence rules allow us to
obtain the rest of thd' matrices, and with them the'
matrices, which constitute the aim of this work.

Eq. (34) will be the starting point of the following
discussion. First we must note that, owing to the prop-
erties ofC', whose only non-zero elements are those
in the two diagonals, each summation throughand
m” has two elements at most, giving a total maximum
of four terms. So, it is affordable to particularize these

elements and try to find simpler closed expressions

25

for the C' matrices, and a certain amount of algebra,
the following relationship is obtainean(m’ > 0):

d o+ (-0)"d
A = Sign(m) By ()@ () I ( 2) Imi(= Iy

| _(_1\myl
—sigr(m)@m(a)émf(y)d‘m'”m‘ ( ;) i~ 1)

where the definition in Eq. (8) has been used, and
sign(0) = 1. In this way, knowing thed' matrices
and the Euler angles, the matrices can be obtained.

In fact, it suffices with half thel' matrices, since only
elements withm = 0 are needed. It is possible to
reduce these requirements even more by using the
mirror symmetry of both diagonals of these matrices,
so that the lower of the four triangles that the dia-
gonals define is only needed.

Now we shall obtain the starting elements for the
recurrence relationships. These will be the elements of
the lower triangle of thel® andd® matrices; i.e., the
dgo, dio, d3, dip anddi; elements. The first one is the
simplest,

d80: 1

(47)

(48)

that do not involve complex numbers. There are Which makesAg,=Dgo=1, since thes function does
four possible cases, depending on which indices are Nt change upon rotations. To obtain thfg element,

zero M’ # 0):

Ao = (Cho) DooCho (43)
Atro = (Chim) DhoCo+ (Chym) DinoCho (44)
Aty = (Cbo) Doy Chyt + (Coo) Doy Chrr (45)

Atort = (Chim) Dbt Cvny + (Chan) Dt Chrv
+ (Cram) DimvChvmr * (Com) Dinry Gy (46)

After replacing in the previous expressions the defini-
tion of D' matrices [Eq. (36)], sorting the different cases

( COSa COSYy

(

—sSina siny cosp

AYa, 8,7)= siny sin B

—Sina cosy

we use Eq. (42):
dio=cosg (49)

Eq. (41) is used for the remaining three elements:

dy; =sir? g (50)
1

dip= —ﬁsmﬁ (51)

di,; =cos g (52)

The above expressions can be introduced in Eq. (47)
to obtain theA® matrix:

. . cosa siny
sina sing

+sina cosy cosﬁ)

cosf3 —-cosvy sing (53)

—COS«a Siny cosf ) COSa COS+y cosf3
cosa sinf

—-sina siny
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Relating this matrix to its expression in terms of the
rotation matrix in the Cartesian basis, Eq. (31), it is
possible to obtain the trigonometric functions of the
Euler angles. Certainly, giveA € [0,x], it can be
established that

COSB = A(%O(IQ) = Rzz (54)

so that sin3 = 1/1-R%,. In the same way, the original
elements of thed'(3) matrix, diy = R,, dip=
-V/(1-R%)/2 and diz1) = (1 = R,)/2, can be
obtained. When & 3 < « (sin 3 # 0), the following
relationships can be found:

ALo(R) Ry
COSa = — = 55
sing  /1- RZ, (53)

- Ajy(R) Ray
SiNa= —; = 56
sinB \/1-RZ, (56)

A%l(lfz) sz
COSy=—— == 57
Y= 5ing TR (57)
AL (R R

Sin'y= Ol( )_ yZ (58)

sinB /1-RZ,
However, when si8 = 0 these relationships fail. In
this case, the® matrix can be written as

({1}

coqa * v) 0 * sin(a £ v)
0 +1 0 (59
-siflaxy) 0 *coda=*vy)

so that there is a single independent rotation angle,
*+ ~. Arbitrarily choosingy = 0, we find:

cosa=A%(R) =R, (60)
sina= -A7(R)= —Ry, (61)
cosy=1 (62)
siny=0 (63)

when IR,] = 1 (sing = 0). This particular case
corresponds to rotations about tkeaxis. Since it

M.A. Blanco et al./Journal of Molecular Structure (Theochem) 419 (1997) 19-27

can introduce problems in the application of recur-
rence relationships, we shall consider it separately in
some cases. In this way, the trigonometric functions of
Euler angles are obtained fradfimatrices for a given
rotation, along with the starting elements of thés)
matrix.

To continue, we need the particular recurrence rela-
tionships to use in the generation@fmatrices. The
first and most important rule is that relating therder
matrix with those of orders—- 1 andl - 2, Eq. (39),
which can be written in a more useful form as

o 121 -1) {( . mnd )d"l
VP L 1=

V=12 =-nA)[(1-1)2-(M)7] ,_,
(-2 -1) Ao (64)

This relationship gives access to all elements of the
matrix of a given order once the previous two orders
are known, with the exception of the first and last two
rows and columns. The problem can be reduced to the
computation of the last two rows by using the sym-
metry relationships in Eq. (38). To evaluate these ele-
ments by means of recurrence rules, Eq. (41) can be
used to obtain

|
dh= (co# §) =atlhi-s

In the same way, Eg. (42) can be transformed into

(65)

I
d_i-1=( cos,(i’—l+1)(cos2 g) '

=(Idgo=1+1di =111 (66)

To obtain the rest of the elements of the last two rows,
we could use the general recurrence relationship, Eq.
(40). However, this requires two previous elements

for each new one, making it unnecessarily compli-

cated to obtain these two rows: since there are parti-
cular expressions for them, eqns (41) and (42), it is

more efficient to use such expressions to obtain
descending recurrence rules for both. Thus, Eq. (65)
can be used as the starting point for the last row, and
then successively lower the second index by means of
| +m g

tan

Pl
“me1 20 50m

dlm-1=— (67)
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which can be obtained from Eq. (41), and where that the representation matrix of the inversion opera-
tan(3/2) = /dh/dh- The same can be done starting tion is the unit matrix times<1)', the representation

from Eq. (66), stepping down through the second to matrices of any pomt symme.try operation |n.the basis

last row by means of of the real spherical harmonics can be obtained from
its representation matrix in the Cartesian basis.

| cosB—-m+1

| cosB—m

I+m tanB
|-m+1 2

dll—lm—l:_ dll-lm

(68)

obtained from Eqg. (42). Since lign. , tan(3/2) — o, o )

these recurrence relationships are not valid. However, ©Oné of us (M.A.B.) is indebted to the Spanish

in this case eqns (41) and (42) can be used to proveMmlsterlo de Educacdioy Ciencia for a postgraduate

that all elements of the last two columns are zero 9grant. Financial support was provided by the Spanish

exceptdl'T:l andd_; - =1 - 1. DGICyT of the Ministerio de Educactioy Ciencia
Collecting all the previous relationships, the fol- under grant PB93-0327.

lowing algorithm to obtaiml' matrices can be devised:
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obtain dJ,=1.
obtain trigonometric functions of¢,3,y) fromR.
obtain dgo, di;, dip anddi; from R.
for1=23,..
obtain d\,y (M=0,... =2, m =
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